We study complete locally conformally flat Riemannian manifolds M n .We prove that the flatness of the infinity geometry can be preserved under the Yamabe flow. As an immediate application, the asymptotic volume ratio of the manifold is a constant.
Introduction
The geometric flow has been proved to be an effective tool in the study of the geometry and topology of Riemannian manifolds. For a complete Riemannian manifold, RS.Hamilton [1] has defined several geometric invariants such as the aperture
where S s is the sphere of radius s around an origin, the set of points whose distancd to the origin is s, the asymptotic volume ratio v = lim s→∞ V (B s (P )) s n where V (B s (P )) is the volume of a ball of radius s around an origin, and the asymptotic scalar curvature ratio
Hamilton has proved that the above invariants are constants for complete solutions to the Ricci Flow under some conditions. A natural question is, how about the conclusions of the manifold under other geometric flows. Here we consider the complete solution of Yamabe Flow that g(t) evolves under the flow equation
Let M be a smooth complete locally conformally flat Riemannian nmanifold, we will represent the curvature tensors in an orthonormal frame and evolve the frame so that it remains orthonormal. Let V be a vector field over M isomorphic to the tangent bundle T M . The frame
Then the frame F = {F 1 , · · · , F a , · · · , F n } will remain orthonormal for all times since the pull back metric on V
remains constant in time.
From now on, we will use indices a, b, · · · on a tensor to denote it's components in the evolving orthonormal frame. In the frame we have: 
Preliminary
As the metric changes under the Yamabe Flow, the distance on the manifold will change. At first, e give the bound on the changing distance.
) is a complete solution to the Yamabe Flow and |Rm(x, t)| ≤ K for a nonnegative constant K, then we have
for t 1 > t 0 and any
That is,
Thus we get
and
Now we have
for any x 0 , x 1 ∈ M , where γ t (x 0 , x 1 ) represents the length of the minimal geodesic that join x 0 and x 1 .
) is locally conformally flat, then under Yamabe Flow,
where
In the proof of the main theorem, we need a global derivative estimate for the curvature.
) is a complete locally conformally flat solution to the Yamabe Flow and |Rm(x, t)| ≤ K for a nonnegative constant K, then the covariant derivative of the curvature is bounded by |DRm| ≤ CK/ √ t and the k th covariant derivative of the curvature is bounded by
Proof :From Lemma2.1.2 we have
where the symbol A * B denotes any tensor product of two tensors A and B when we do not need the precise expression. It follows that
for some constant C depending only on the dimension n. Then we can follow the proof in Shi's derivative estimates of Ricci flow, choose a test function with slight modification.
Proof of the main theorem
Proof of Theorem 1.1: Suppose |Rm| ≤ K for some constant K. Since |Rm| → 0 as s → ∞, for every ε > 0 we can find σ < ∞ such that |Rm| ≤ ε for s ≥ σ.
The curvature tensor evolves by a formula
which gives a formula
and an estimate
for some constant C 1 depending only on the dimension.
Then choose a smooth function ϕ at t = 0 such that
for some constant δ > 0 and constant ρ > δ. Now define ϕ for t ≥ 0 by solving the scalar heat equation
in the Laplacian of the metric evolving by the Yamabe Flow. By the maximum principle we still have |ϕ| ≤ ε 2 everywhere for t ≥ 0. The derivative D a ϕ evolves by the formula
for some constant C 1 > 0 depending only on the dimension. Let us put F = t|Dϕ| 2 + |ϕ| 2 and compute
Since the curvature is bounded, the solution to the evolution equation of the orthonormal frame remains bounded on finite time interval [0, t 0 ]. We can denote the upper bound as an nonnegative constant M . Thus we have the inequality 
Since |Dϕ| ≤ δ < ρ ≤ |D 2 ϕ| at t = 0, there is a constant t 1 > 0 such that |Dϕ| ≤ |D 2 ϕ| when 0 < t ≤ t 1 . Then if t ≤ min{
and the maximum of the function G decreases from the maximum principle. Denote min{
, t 0 , t 1 } by t 2 from now on.
Since the time interval can always be advanced by t 2 , we get the result. where the inequality above comes from the upper bound of |Rm| and Prop 1.94 in [2] . Now consider the volume of the annulus and follow the proof of Prop 8.37 in [2] , we can get the result immediately.
